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I. History of Virasor constraints

virasovo algebra

vir:= span (92n3nxz 9(3)
Surm, (n-n)

[2, Lm] =(n -m) Lam +

12

·C

vir,_: =spana [ha?n
C Vir Line subalgebra.

Witten's conjecture

,to,t,...) ==exp(.***an. (n-*)
=RIx, t., t, ...5 Virs-

e. = -++2 tie, astring equation

Thm. (Kontserich) Yar-I, ha) IIx,to,t, ...) = 0.

Ruk. This determines [(x,to....) uniquelygiven some initial data.

I



GW theory Shear they

MY"Jr, ...) [uB]

[Mg2gn -

E Sx=sxip', p=nf
[MNOP]

Ege(X,p>2gin [

dimx =3
> Pr.p/X)

[EHX] [Moop], [M]

proven cases (sheet side)

*stationary case for Pup(X) for toric s-fold [moop]

4 *SET for b, (S) =0 [M]

*2 1600 cases ofMis(r, c, cw) for toric S [vB]

Q. How general is this?

Cojesture. (Bojko-L-Moreira L

Sin,Jr Lutr (4)
=

0 for all D-IDY
*assuming this exists
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Rank. This not onlygeneralizes the previous conjectures butalso improve

*caverful choice of a universal shear

the presentation by avoiding E * something else than Virc,-1

xdivision bythe rank

Thm. (BLM) Virasovo constraints hold for

9
*Mcr.ds

~
S has only(p,p) classes.
-

*Mir,c,

*M,"(0,.4) "assuming the required wall-crossingformulas.

odd degree
Eg.M =MY, 12, 13

(EndF) m> Newstead classes GEHYM), p=HYM). W eHYM.

viracor constraints ofMI (g-k)),4"prs=-un),****
monodrony invariance

xS,Spry is known.
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#. Descendentinvariants & Virasor operators

Suppose thatM =M*"() satisfies

1) ExCF, F) =0 Vi =3

you [MI"=Hard (M).
2) H - ss =H-st e

1 - xCF, F).
3) Enniversal sheafIon MxX.

Descendentinvariants

H*(M,) *Hq(M,) >

&#1 ↑

IDX [in Sinjvink*(P)
A
super-comm, ring homomorphism image - tant subving

no kernel- tant relations - doesrise
3*

IDY > H*(M,C)

inr - Tix (itdin,x-p(#) . **2)
i =0,2=H*(x,) =H**(M,C)

Q. Whatare the structures of Sinjrir**()?
e.g. dimension constraints, algebraicityconstraints. I



Vivasoro operators

Vir.-=spankind... ID"byLe
=RetTe

*derivation 3.5. Ru(chi(r))= ==(i+1 ... (i+ n) chat(al

A multiplication by Tn:=I ais! 2(ex-4"chalic chair,
S -

a+b =n

a,b>,0 *dx =views

Lemma. [he, Lm] =<m-ns (nm.
wheredoes itcome from?

n+1 z-
Def. (BLM) Lrto:=in"?ror.)

-

Lemma. 1) Lato:ID*< ID:= KerCh-ch

2 IDY-.*.= H*(M)
G T

V

IDt.
a independenton the choice of IF.

Sinsvir
Recall the conjecture:ID* *** ID*t.* H*M) C
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#4. Joyce's vertexalgebra

Mx =Map (X, Perfect stack ofall perfectcomplexes.

Thm. (Tryce) V =
=Hx(Mx,C) is naturallya vertexalgebra.

(V, 1eV, Tiv+r,y:Vor-v()
I ↓ ↳

vacuum vector translation ⑦ :My xMx-Mx

ocMx BGmxMx-Mx ⑫ :
=R2 (Fe,F.) *RUm, (F., Ful

x(ati,+)+x(e)(k) - azb))Y(a,z)b = =(- 1)

+x
Q. Why consider this?

MEMx
M =Mus as before was osticneed

~:xtin]"=Hx(m,2) =Hx(mx+(Hx1mx1)

⑤



Upshal:Freemonstructionsin VAleads to geometric analogue.

Algebraic Geometric

Lattica VAwrt. (Kip(), daym) s**s Joyce's VAon Hy(MxL

Bouchard'sin algebra [5,45T] wall-crossing between

1 (==Y/+x), 5,7)
> IM!")Tv= Fx (MX,C).

I
~ conformal elementw

<

[BLM]

> Virasoro constraints for M*"ws
&

primary/physical states

Der Wav is a conformal elementif

- n -2

*Y(w,z) :=hnz
defines Vir&V

*L, =T

*Lo diagonalizable

Def. 1Px: =9a =V) (o(a) =

x-a, (ic()
=

0 F(x,13

B = =P/+)P.) ->N Liesubalgebra of primary states.

E



Thm. (BLM) X:curve, surface with pg
=

0,
or Fano 3-fold.

=natural conformal elementweVP

St. M =M*"(> satisfies the Virasoro constraints iff

[MJ =V is a primary state w.r.t. W.

Rk.1) Primary states are very importantin VOAtheory

e.g. proof ofmonstrous moonshine

2) The fact thatICV forms a tie subalgebra
is important.

virasive Constraints. wall-crossing

This follows from B =ker (I-,w3].

3) E,w] =Res2Y(,z)w =[z] e=hn)- zj-

-is Crohnm, dual to hot. CIDY

IV. Wall-crossing

#(Joyce) X:curve or surface

11

"Wall-crossing formulas for [M!()]"= (V, 5,3)
can be explicitelywritten in terms of 5.3. 5



Example (Simple wall-crossing (

Amp/X) Fe MYMY
if o +F, +F+Fazo, FieM"i

↑⒔ similarlyfor other complement irreducible

with F., F2 swapped

=>[Mi][mii]Ent[Mic]"

key ideas in the proof (e.g. S surface (

+ (0,0)
↓ rk(v) > 1

Pair que pss =4oms
Si

rk(v) =0

I
-

Min initial input[M]

**(<p(+) c [Pr3") =x(v). [M]"+Clower rank (
-

tbundle compatibility
rankinduction.

T



&WhataboutM=models ofobjects in DIX)?

eg. Pup(X) paranetrizes I
=[0x+F] -C (X).

eg. X cubic 3-fold, DX)
=(knK), 0, 0Cr>7

· Knm (kn12)) =I
· "unique"Serve invariantstabilitycondition ofStablkn(x)

~ Mix(v) projective varietysmooth atstable points.
-

Virasoro constraints for these modulispaces?

*Note thattwo example coincide atspecial save:

e(x)
=Fano(x) =Ma, (1,0)
-

-

I Famo surface of lines in X

Virasor is
proven by[Moreira] using Hodge theory. To


